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Abstract-we describe computations of various propagating wave modes in a cylinder of radius R 
modeled by an array of interacting 1D rods in a reaction-diffusion model of solid flames. For suffi- 
ciently small and sufficiently large R, the model exhibits planar uniformly propagating combustion 
waves. Spin modes, characterized by hot spots spinning periodically around the cylinder, occur for 
small R, and radial modes, periodically oscillating solutions independent of the cylindrical angle oc- 
cur for larger R. We describe the transition from spin ‘co radial modes via a family of quasi-periodic 
modes. @ 2004 Elsevier Ltd. All rights reserved. 
Keywords-Solid fuel, Combustion wave, Quasi-periodic dynamics. 
1. INTRODUCTION 
We consider modes of solid flame propagation associated with the SHS (self-propagating high 
temperature synthesis) process of materials synthesis. In this process a powder mixture of re- 
actants is placed in a container or is cold pressed and ignited at one end. Synthesis ensues as 
a high temperature self-sustaining combustion wave propagates through the sample converting 
reactants to products. When gas plays no significant role in the process the resulting gasless 
combustion wave is referred to as a “solid flame” [l]. 
A variety of modes of propagation have been found analytically, computationally, and exper- 
imentally. These include planar pulsating modes, in which waves independent of the radial and 
angular coordinates, F and $, exhibit time periodic oscillations, spinning modes, where one or 
more hot spots spin periodically around the cylindrical axis as the wave propagates along the 
axis, so that a helical pattern is visible on the cylindrical surface, and radial modes, where a 
periodically oscillating wave depends on F but not $, e.g., [l-5]. 
We consider solid flame waves in a cylindrical geometry. We introduce a simplified model of 
the problem consisting of an array of 1D rods connected via heat transfer so that high resolution 
computations can be obtained without employing excessive computational resources. Spin modes 
lose stability above fi = l?,, while radial modes lose stability below fi = BT > ii,. The transitions 
at R, and R, are Hopf bifurcations, thus, supercritical. As fi increases above R, or decreases 
below & a new frequency enters and as A increases in fi, < & < l?,, we find a family of quasi- 
periodic (QP) modes which continuously evolve from spin-like to radial-like character. The QP 
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solutions are combinations of radial and spin modes, with the radial component entering with 
zero amplitude as the spin modes lose stability at A = &. Similarly, the spin component enters 
with zero amplitude when the radial mode loses stability at fi = I?&.. 
2. THE MATHEMATICAL MODEL 
We consider a model consisting of an array of 1D rods coupled via heat transfer. We denote 
dimensional quantities by -. Combustion waves propagate in the axial (5) direction. We consider 
a configuration with three rods symmetrically located on a cylindrical surface of radius l? and 
one rod located on the cylindrical axis. A similar model was employed in [2] to simulate the case 
when burning is confined to the surface of the cylinder. 
Let Ti and Yi be the temperature and mass fraction of a deficient component of the reaction, 
respectively, in Rod i. Suppose Rod 1 is located on the cylindrical axis, while Rods 2, 3, and 4 
are symmetrically located on r” = R. For i = 2,3,4 we have 
where i+ = 3,4,2 and i- = 4,2,3. Here, k is the thermal diffusivity and 4 = Q/(Ej), where 
Q, E, and fi are the heat of reaction, specific heat, and solid density, respectively (all assumed to 
be constant and independent of i). Coefficients 6+ and &ir represent heat transfer between the 
rods in the angular and radial directions (from Rod i to the axial rod), respectively. The reaction 
rate W is given by 
(2) 
where &, l?‘, l?, are the preexponential factor, activation energy, and universal gas constant, 
respectively, and 
g(F) =o, T<5?c,,t, g(T) =l, ii>E,t, 
where TcUt is chosen to cut off the reaction far ahead of the combustion zone. 
The equations for the axial rod r?; are 
where G,ri represents heat transfer from the axial rod to the outer Rod i. 
For all rods, the solutions satisfy the boundary conditions 
where TU, Y, are the unburned temperature and mass fraction, respectively. 
The heat transfer coefficients 64, &r, &Ii, correspond to a coarse grained approximation to 
the transverse Laplacian, i.e., the terms 5?+i/r2 and (Z&)p/- r, with periodicity in $ assumed, 
thus establishing a relationship between the rod model and the fully three-dimensional model. 
Approximating these expressions by finite differences leads to unique heat transfer terms. For 
example, interpreting Rod i as a grid point and approximating the angular diffusion term at 
Rod i gives 
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where A$ = 2~13 since we take three outer rods. For radial heat transfer, &ii can be de- 
termined by employing a finite-difference approximation for radial diffusion together with the 
no-flux boundary condition p, = 0 at f = 8, giving 
where Af = ii. For heat transfer from the axis, we approximate the Laplacian by a suitably 
averaged five point difference in Cartesian coordinates with A? = Ai = A? to get 
02F N & 9 (pi - ?r) , 
i=2 
so that &ii = &, 
where A? = R. 
Although the model is crude, it allows a qualitative description of the fully three-dimensional 
problem at a small fraction of the computational cost. The model is solved using the nondimen- 
sionalization in [6] and a moving coordinate system with an adaptive Chebyshev pseudospectral 
method [7,8]. The results presented below are for the nondimensional quantities denoted by 
quantities without *. We solve the initial value problem, marching forward in time until steady 
state is achieved, so that we only compute stable solutions. 
3. THE UNIFORMLY PROPAGATING 
PLANAR SOLUTION AND ITS STABILITY 
System (l)-(4) admits a planar uniformly propagating solution. For large activation energies, 
which is typical for combustion, this solution is [5,6] 
where T = Tl = T2 = T3 = TJ, ?b is the adiabatic burned temperature, [ = Z--of, with z = zlJ/i? 
the nondimensionalized axial coordinate, zf = -t is the flame front or interface location, which 
separates the burned from the unburned region, t = 8Y2/~ is nondimensionalized time, and U is 
the adiabatic planar flame speed for large activation energy. Note that for this solution the heat 
transfer between the rods vanishes. A linear stability analysis shows that three different types of 
instabilities can occur. The dispersion relation requires that the product of three terms vanishes, 
so that instability sets in when any of the factors vanishes. In nondimensional form and in terms 
of the Zeldovich number, 2 = N(1 -o-)/2, w h ere N = i?/&Y?b and n = pU’,/Fb, the three stability 
boundaries are given by 
2=2+X&, (5) 
Z= 
4+12(3/3+2)a~+ [4+12(3P+2)ol~]~+4[1+4(3/3+2)~~]~ 
2[1 + 4(3p + ‘+,] 
7 (6) 
z = 4 + 12(6)c~~ + [4 + 12(6)o~]~ + 4 [I + 4(6)01~]~ 
2[1 +4(6)a~l 
I (7) 
where ,B = ~/(A$J)~ = 9/(47r2) and cXR = 1/R2, with R = l?U/k. The eigenvectors indicate 
that (5) corresponds to a planar pulsating solution where all rods pulsate in phase and describes 
the well-known planar pulsating stability boundary, while (6) corresponds to a one-headed spin 
mode (the outer rods exhibit identical pulsations with a phase difference of 2~r/3), and (7) rep- 
resents a radial mode where the outer rods pulsate in phase, but are out of phase with the axial 
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Figure 1. Instability diagram. 
rod, the analog of three-dimensional radial modes where the solution depends on r but not on $. 
The three stability boundaries are shown in Figure 1. 
The dispersion relation for the nondimensionalized continuous three-dimensional problem is 
4 + 12k2 + 
230 = 
[4 + 12by2 + 4 [l + 4q3 p 
2 [l +4/F] > 
“=+p. (8) 
Here, (2’ is the mth root of J;(t) = 0, where J, is the Bessel function of order 72, with n the 
angular wavenumber [5]. 
Since, in our model, we consider rods located at only three angular points and at only two 
radial values, only wave numbers n = 0,l and m = 1,2 are relevant for comparison between 
the full model and our rod model. Since @’ = 0 (m = 1, n = 0) the dispersion relations for 
the pulsating solutions are identical for the two models. The spin (m = 1, n = 1) and radial 
(m = 2, n = 0) modes are equivalent to the rod model if we identify k2 with (3p + 2)a~ and 
6cr~, respectively. This equivalence serves as a partial justification of the assumption that the 
behavior of the rod model is qualitatively similar to that of the full three-dimensional model. 
4. SPINNING FLAMES AND THE 
TRANSITION TO RADIAL FLAMES 
We describe the results of computations for a fixed value of Z, e.g., Z Y 4.1, for which the 
linear stability analysis suggests the sequence of transitions uniform -+ spin + transition region 
+ radial -+ uniform as R increases. However, Figure 1 is based on a large activation energy 
analysis, while the results presented here are for a finite activation energy with a slightly different 
dispersion relation. Our computations are for Z = 3.916, N = 17.7, g = .5575, conditions which 
exhibit behavior analogous to Z = 4.1 in Figure 1. 
In order to visualize the solution, we compute the temperature as a function of time at the 
flame front or interface T&(t) in each of the rods. Since we employ finite activation energy there 
is not strictly speaking a front, but we can determine the spatial location where the reaction 
term is maximal and use it as an approximation of the flame front location. Z’~i(t) can then be 
obtained by evaluating the Chebyshev polynomial approximation of T at this location [2]. We 
can then compute the mean front speed. 
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Figure 2. Mean speed. 
A summary of our results is presented in Figure 2, which exhibits the mean front speed V vs. R. 
The spin modes are connected to the radial modes via a family of solutions exhibiting quasi- 
periodic dynamics where the behavior continuously varies from spin-like (for smaller R) to near- 
radial (for larger R). We do not find any indication of bistability. 
For the rod model, a spin mode is represented by pulsating waves that are identical in each of 
the three outer rods except for the constant 27r/3 phase shift, with !&i(t) periodic. This is exactly 
what would be observed by examining the temperature of a spin mode at three angular locations 
separated by 2~13. When TF((t) attains a maximum in time, one can think of the rod as firing. 
Such firings can be interpreted in terms of a continuous model as a hot spot passing over one of 
the angles k2~~/3 (Ic = 0, 1,2). For the spin modes, the firing of the outer rods is synchronized. 
The rods fire in a fixed order with a constant time interval between firings. (The reverse firing 
order can also occur depending on initial conditions.) The axial rod also fires periodically, but at 
a significantly lower level than the surface rods. The linear stability analysis predicts no dynamics 
for the axial rod. The computed dynamical behavior is due to nonlinear effects neglected in the 
linear analysis. The axial rod fires at a period l/3 that of the outer rods, i.e., it fires with each 
outer rod though with a slight phase shift, clearly behavior dependent on the choice of three outer 
rods and one axial rod in our model. For larger values of R, radial behavior is found. For a radial 
mode, all outer rods fire simultaneously, i.e., there is no angular behavior to the firing, while the 
axial rod fires out of phase with the outer rods. Spin and radial modes are illustrated in Figures 3 
and 4, respectively, where the numbers 1-4 refer to the temperatures Tl-T4, respectively. 
Near R = 3.285, the spin modes lose stability and a transition to QP behavior is observed. 
Near the transition point the solution exhibits approximate spin behavior, in that the firing 
order is preserved. However, the firings are no longer synchronized, the phase shift between 
firings becomes periodic, corresponding to continuous spin modes in which adjacent hot spots 
periodically approach and then withdraw from each other, as seen in [3]. 
The QP modes are best described by analyzing the frequency spectrum. The spin and radial 
solutions are periodic in time. Thus, their frequency spectrum is composed of a single dominant 
frequency and its harmonics. The QP modes have two dominant frequencies which generate all 
other frequencies in the spectrum via linear combinations. Analysis of the frequency spectrum 
for the QP solutions indicates that the two generator frequencies correspond to spin and radial 
behavior, respectively. Thus, the QP modes are combinations of spin and radial modes. At the 
transition from spin to QP behavior a new frequency, corresponding to radial behavior, enters 
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Figure 4. Radial solution at R = 5.8. 
with zero amplitude. As R increases, the amplitude of the radial spectral component increases 
while the amplitude of the spin component decreases, so that at the transition from QP to radial 
behavior, the amplitude of the spin component vanishes. 
This behavior can be seen in Figure 5, where we plot the dominant frequencies for spin, QP 
and radial modes as a function of R. For the spin and radial modes there is only one dominant 
frequency. For the QP modes there are two dominant frequencies. The figure clearly shows 
that the two generator frequencies in the QP regime emanate continuously from the spin and 
radial frequencies, respectively. For R 5 R, (indicated by point a in the figure) the frequency 
corresponding to the largest spectral amplitude is the spin frequency, while for R 2 Rb (indicated 
by point b in the figure), the frequency corresponding to the largest spectral amplitude is the 
radial frequency. The most dominant frequency shifts from the spin frequency to the radial 
frequency as R increases. Thus, at least in terms of spectral content, for small R the QP modes 
take on a spin character, while for larger values of R the QP modes take on a radial character. 
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This behavior is illustrated in the time domain in Figure 6, where we consider a QP mode near 
the spin-QP transition. For this figure, the solution was Fourier transformed, the amplitudes of 
all frequencies except the secondary frequency and its harmonics were set to zero and the re- 
sulting spectral representation transformed back to the time domain. The resulting time-domain 
behavior is shown in the figure and clearly exhibits radial behavior, including the simultaneous 
firings of the outer rods and the constant phase shift (near 7r) between the outer rods and the 
axial rod. A similar analysis near the transition from QP to radial behavior (not shown) indicates 
that the new frequency corresponds to spin behavior. 
Temperatures for a QP mode near the spin-&P transition point are shown in Figure 7. The 
behavior is close to that of the spin modes. The rods fire in the same firing order, however, 
the time interval between successive firings is no longer constant and the temperature maxima 
exhibit a nonconstant envelope. A QP mode near the QP-radial transition is shown in Figure 8. 
The outer rods fire nearly simultaneously, however, there is an amplitude modulation and the 
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Figure 8. QP solution at R = 5.75. 
time delay between successive firings is nonzero and nonconstant. Up to R cv 3.7, the outer rods 
fire in a fixed firing order (that of the spin modes). As R increases the outer rods fire closer 
together in time, with the firing order no longer fixed, as the QP solutions take on more of a 
radial mode (simultaneous firing) character. 
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